THE HERMITIAN CONNECTION AND THE JACOBI FIELDS 
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' Abstract. It is proved that all invariant functions of a complex Finsler manifold 

t^H' can be totally recovered from the torsion and curvature of the connection intro- 

W , duced by Kobayashi for holomorphic vector bundles with complex Finsler structures. 

CaJ , Equations of the geodesies and Jacobi fields of a generic complex Finsler manifold, 

^^_ ' expressed by means Kobayashi's connection, are also derived. 



1. Introduction. 



q 

(~| ■ A complex Finsler manifold (M, J, F) is a complex manifold {M, J) endowed 

"ti I with a complex Finsler metric F, which is a continuous function F : TM — > M+ 

that is smooth on TM \ {zero section} and verifies the following two properties: 

a) F{u) > for any u > 0; 

b) F{Xu) = \X\F{u) for any u ^ and A G C*. 

T 1 

^ ' In this paper, we will always assume that F is strictly pseudoconvex , i.e. that any 

f""-- . Finsler pseudo-sphere at a point x 

o 

f— ^ I is strictly pseudoconvex as real hypersurface of T^M ~ C". 

f^ ■ The simplest examples of such Finsler manifold are the Hermitian manifolds. In 

fact, if g is an Hermitian metric on a complex manifold (Af, J), the norm function 
'^ ■ 



S.,^{veT,M : F{v)^l} 



p. Fg:TM-^R+, F{v) = ^g{v,v) (1.1) 

is a strictly pseudoconvex Finsler metric. In what follows, whenever F is as in (1.1), 
. we will say that F is associated with the Hermitian metric g. 

K% ' Other important examples of complex Finsler manifolds are the bounded convex 

^ . domains in C" with smooth boundary, endowed with their infinitesimal Kobayashi 

metric (see [Le], [Lei], [Pa], [Fa], [AP], [Sp]). Indeed, the Kobayashi infinitesi- 
mal metric of any hyperbolic complex manifold is a "non-smooth" complex Finsler 
metric. 

In ([Sp]), we introduced the concept of adapted linear frames of a complex Finsler 
manifold (M, J, F) . We studied the properties of the bundle tt : Up (M) — *■ M of 
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2 A. SPIRO 

all adapted frames and we constructed an absolute parallelism on Uf{M), whose 
structure functions constitute a complete set of generators for the (local) invariants 
of (M, J,F). 

Such absolute parallelism consists of a finite set of global vector fields {Xi , . . . , 
X2n, Yi, ■ ■ ■ T^p} on Uf{M), which are preserved by any (local) diffeomorphism 
which is lift of a (local) biholomorphic isometry of {M,J,F). It contains a sub- 
set {Yi, . . . ,Yp} of vector fields, which span the vertical distribution, and an- 
other complementary subset {Xi, . . . , X2n}, whose vector fields span the distri- 
bution 7i C TUf{M) of real subspaces underlying the holomorphic distribution 
T'^°Uf{M) C T^Uf{M). By holomorphic distribution T'^°Uf{M) we use the stan- 
dard meaning of the set of subspaces T^°UFiM) = T^Uf{M) n T„i°L^(M), where 
r^°L^(M) is the subspace at m G Uf{M) generated by the holomorphic vector 
fields of the bundle of all complex linear frames L'^{M). 

The distribution Ti. is complementary to the vertical distribution. This allows 
to interpret any curve Ut in Uf{M), which is tangent to Ti.^^ at any t, as a 1- 
parameter family of adapted frames, which represent a 'parallel transport' along 
the curve 7 = tt o m : [a,b] C M ^- TM. Using this 'parallel transport', one can 
define a covariant derivation of functions with values in TM in the directions of 
vectors tangent to TM. Note that, in case F is associated with an Hermitian metric 
g, such covariant derivation reduces to the usual Hermitian covariant derivation of 
vector fields on M in the direction of vectors tangent to M. 

At the best of our knowledge, in the literature there exist other three different 
definitions of Finslerian covariant derivation: namely, the one determined by the 
absolute parallelism of J.J. Faran in [Fa], the covariant derivation by M. Abate 
and G. Patrizio given in [AP] and the one defined by S. Kobayashi in [Ko]. Those 
definitions have the advantage to be defined using the expression of the Finsler 
metric in complex coordinates and are therefore suitable for explicit computations. 
On the other hand, our setting is established in a 'totally coordinate-free language' 
and all objects we deal with (such as torsion and curvature) immediately reduce 
to the corresponding objects of Hermitian geometry, whenever the Finsler metric 
is associated with an Hermitian metric. 

In this paper, we show that our definition of Finslerian covariant derivation is 
strictly related with Kobayashi's definition and we derive the formulae which ex- 
press the torsion and curvature of Kobayashi's connection in terms of the torsion 
and the curvature 2-forms of the absolute parallelism {Xi, . . . , Yp} of Uf{M) (see 
§3 and §4). An important by-product of these formulae is a practical way to eval- 
uate the structure functions of a complex Finsler manifold using coordinates: all 
computations reduce to use the Kobayashi's expressions for the Finsler connection 
and Finsler curvature given in [Ko2] (see also [Ko3]). 

We conclude with sections §5 and §6, in which we write the equations of geodesies 
and of the Jacobi vector fields in terms of the Kobayashi's Finslerian connection 
and of its torsion and curvature. The equations for geodesies of a complex Finsler 
space were first derived by H. Rund in [Ru]; alternative presentations are given in 
[Pa] , [Fa] , [AP] and [Sp] . The equations for the Jacobi fields were first determined 
by M. Abate and G. Patrizio in [AP]. 

The expressions given here have the peculiarity that, with no further arguing 
or manipulation, they immediately reduce to the corresponding usual formulae of 
Hermitian geometry in case F is associated with an Hermitian metric. 
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We believe that a careful investigation of the equations of Jacobi fields of the 
smoothly bounded convex domains in C" can bring to isolate some crucial proper- 
ties of the Kobayashi infinitesimal metric, which characterize those domains up to 
biholomorphisms (for results in this direction, see e.g. [AP], [BD]). A more detailed 
discussion of this topic will be the content of a forthcoming paper. 



2. Preliminaries and Notation. 

In the whole paper, we will use greek letters a, /3, etc. for indices related to holo- 
morphic vectors, barred greek letters a, P, etc. for indices related to the conjugated 
vectors and latin indices i,j,k, etc. to denote real vectors. 

Jo is the complex structure of C" and < , > is the standard Hermitian product 
oiV = C". 

The elements {eo, ei, . . . , e2n-i} C C" constitute the standard real basis of V^ = 
R2n _ (j^n g^jj^ they are ordered so that Jo{^2i) = £21+1 for any i ~ 0, . . . ,n. We set 
£a ~ \{i2a — a/— Te2a+i), a = 0, . . . , n — 1, and £„ = £^. We also use the notation 
{e*}, {e"} and {e"} for the dual bases of {ei}, {£«} and {ea}, respectively. 

We denote by M a complex manifold with complex structure J. We also use the 
notation ¥TM = T°M/€*, where T°M = TM \ {zero section}. 

For any point x G M and any v G T^M, the tangent space Ty{TxM) is naturally 
identified with T^M and we will use the symbol J also to denote the complex 
structure on the tangent spaces Ty{TxM), given by the identification with T^M. 

For any v G T^M, we denote by v^'^ and v'^^ the holomorphic and anti-holomor- 
phic parts w.r.t. J, that is: 

v^° ^ -{v - ^^Jv) , v"^ :^v^ ^ -{v - ^/^Jv) . 

For any x G M, a linear frame is an K-linear isomorphism u: K^" — > T^M . A 
linear frame is called complex linear frame if it is a C-linear isomorphism u : C" = 
M^n -^ TxM. We always identify a linear frame u with the corresponding basis 
{fi} in T^M defined by 

f^ - u{e,) G T,M . 

If a frame u is complex, we denote by m^° the corresponding holomorphic basis, 
that is 

U^° = {Sa = "(Eq) = ■^{f2a - V^f2a+l)} ■ 

If (M, J, F) is a complex Finsler manifold, a complex linear frame u = {fi} is 
called adapted if 

a) /o G Sx and /i — J/g, where Sx denotes the Finsler pseudo-sphere Sx ~ 
{ V G TxM : F{v) - 1 }; 

b) the vectors /2,...,/2n-i span the maximal J-invariant subspace 1?/^ of 
Tf„Sx(lTf,{TxM)'c^TxM; 

c) the holomorphic vectors ei, . . . , e„_i constitute a unitary basis for Pjj, with 
respect to the Levi form Cx of Sx, corresponding to the defining function 
PF = F^- 1. 
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The unitary frame bundle of (M, J, F) is the subbundle Uf{M) C L'^{M) given by 
ah the adapted complex linear frames. 

It follows from definitions that any fiber of Uf{M) is invariant under the linear 
action of [/„ x T^ C GL„(C) on T^M. Moreover, the orbit space of this action can 
be identified with UF{M)/Un x T^ = PTM. 

We will use the symbols tt, tt and tt' to denote the following natural projections 

TT : UpiM) ^ UF{M)/Un-i xT^ = FTM C TM , tt' : PTM -> M , 

TT = tt' O TT : UpiM) —> M . 

The non-linear Hermitian connection ofUF{M) is the unique distribution Ti. on 
UpiM), which is complementary to the vertical distribution and which is invariant 
under the complex structure J of the complex linear frame bundle LF'{M). The dis- 
tribution Ti is equal to the real distribution underlying the holomorphic distribution 
of the real submanifold Uf{M) C L^{M) (sec proof of Th. 3.9 in [Sp]). 

The non-linear Hermitian connection Ti is uniquely determined by a connection 
form Lo, that is by a g[n(C)-valued 1-form on Uf{M) which verifies the following 
conditions: 

a) for any u E Uf{M), a vector X E TuUf{M) is so that uJu{X) = if and 
only if A" e Tiu ', 

b) if a vector X e TuUf(M) is vertical (i.e. tt^{X) = 0), then w„(A') = Ex-, 
where Ex is the unique element in 0[n(C) which generates an infinitesimal 
transformation on L^{M) assuming the value X at the point u. 

Let wS, w-^, 0" and O"' be the components of the connection form and of the 
tautological 1-form in the basis {E^ — £13 ® e"} and {Eq} of 0[n(C) and of C", 
respectively. In other words let 

9 = y £a^" + / £g^" , 

a a 

a, (3 

These I-forms are not linearly independent but, at all points, they generate the 
whole cotangent bundle T*Uf{M). The linear relations between them and the ex- 
pressions for their exterior differentials are called structure equations of the complex 
Finsler manifold (M, J, F). We will shortly list all such structure equations. 

For this purpose we first have to introduce some special C-valued functions on 
Uf{M). 

For any vector X G T^M, denote by V^ the vector field in TiT^M) which as- 
sumes the value X at all points U G T^M. For any choice of vectors X, Y, Z,W,U E 
TxM,we define 

hu{X,Y)^V^[V^{F')]\^ ; ilu{X,Y,Z)^V^[V^[V^{F')]]\^ ; 

(2.1) 

Hu{X,Y,Z,W)=V^\v^\v^\v^{F^)]]] . (2.2) 
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For any adapted frame u — {fi} and corresponding holomorphic frame u^" ~ {^a}, 
we set 

haf}{u) = h/o(ea,e/3) , Haf}^{u) = H/„(eQ,e;3,e^) , Hapjs{u) = H/o(eQ, e/3, e^, e^) . 

The symbols h^fj{u), Hap^(u), H^0^{u), etc. have analogous meanings. 

Finally, in all following formulae, we will assume that the greek indices a, /?, 7, 
(5, s run between 0, . . . , n— 1; the indices A, /i, v, p, a will instead run between 1 and 
n — 1. 

The first structure equations are given by the linear equations verified by the 
1-forms LUp and uj'^: 

a>S + 4 = 0, iol+ 4 + hx.u'^ = , ^^ + 4 + H-^,,u;'^ + H-^^.u^ = . (2.3) 

In order to write down the expressions for the exterior differentials, it is convenient 
to replace the I-forms wS, wi with the following I-forms tuS and w'z, 

Tul=4 , w^= 4 , n7° = -4 , mi^=uji^ + H-^,x4 , ^1 = ^ • (2-4) 
Then the last structure equations are: 

dO"" + w)^ A 6"^ = e" + S" ; (2.5) 

dvol + vDlhw'^ = VLl; (2.6) 

dru^ + tu^ A tn^ = r^^ + n^ , dzo^ + w^ hw{ = ^l + Iil ] (2.7) 

dujl +ujf,Aujl = nl+Tll + <^l- (2.8) 
where 8", S", O^, H^, nj^, H^ and $^ are the following C- valued 2-forms: 

6" = ^T^./' AO^ , S" = Ha^Atno^ A ^ , f^^ = ^^-^B'' A O' , (2.9) 

no = -e^{hxp)mP, A0\ n^ = -e^(/^A^-)tnO A 0^ , (2.10) 

n^ = -e-,(ffA^p)^° A 0^ - e^(//x^,)^g A 0^ , (2.11) 

•^t = i^-^s^P - ^>^--Kp - H,,-^<fH,t,p) ^f; A ml . (2.12) 

for some suitable complex functions T? and i?" j on Uf{M). 

The 2-forms and E are called (pure) torsion form and Finsler torsion form, 
respectively. The 2-form fl is called the (pure) curvature form. A last, we call 11 
and $ the oblique Finsler curvature and the vertical Finsler curvature, respectively. 

We recall that the Finsler curvature and torsion forms are identically whenever 
the Finsler metric is associated with an Hermitian metric. 

The next concepts will be essential for the discussions of the following sections, 
where also the motivations for the terminology will appear clear. 
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Definition 2.1. Let (M, J, F) be a complex Finslcr manifold and let wh and zuk 
be the 0[n(C)-valued 1-forms on Uf{M) defined as 

n n 

^ff = E ^H + ^H , ^x = E ^A^M + ^f ^A (2-13) 

A,/^— 1 A,^— 1 

where zn^ and w^ are the f-forms defined in (2.4). Let also Ti the non-linear 
Hermitian connection on Up{M). Then the two distributions on Uf{M) Ji'jj and 
T-t'j^ defined by 

X ^H'h ^ ujh{X) = , X eU'K ^ vok{X) = , 

are called semi- Hermitian connection and Kobayashi connection for (PTM, J, F), 
respectively. 

Note that, at any u G Uf{M), the subspaces T-Lh\u and T-Lk\u are both containing 
Tiu as a proper subspace. 

We conclude recalling the definition of connections and Hermitian connections 
of complex vector bundles (see e.g. [Kol]). 

Let p : E ^r N he a complex vector bundle over a manifold TV and denote by 
A^ denote the space of smooth C- valued p- forms on N . Denote also by A^{E) 
the space of smooth complex p-forms with values in E. A connection D on E is a 
C-linear homomorphism 

D : A\E)-^A\E) 

such that 

D{fa) ^a(g)df + f-Da 

for any f E A" and a E A"{E). 

In case A'^ is a complex manifold and p : E ^ N is a holomorphic vector bundle, 
a connection D is called holomorphic if 

where d is the usual exterior differential operator and D"^ : A'^{E) — > A^^{E) 
and (i°^ : A'^{E) — > A'^^{E) are the components of D and d, respectively, which 
transform the sections a E A^{E) into the (0, l)-component of D{a) and d{a-). 

In case p : _E ^ iV is an Hermitian vector bundle (i.e. endowed with a smooth 
family of Hermitian metrics on the fibers oi E), a connection D is called Hermitian 
if it is holomorphic and for any cr, p E A'^ 

d{g{(J, pj) = g{Dcr, p) + g{a, Dp) 

Recall that on any Hermitian vector bundle there exists exactly one Hermitian 
connection. 
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3. The Hermitian and the Kobayashi non-Unear covariant derivatives of 
vector fields. 

In this section, we introduce tiie definition of covariant derivation associated 
with the distributions T-Lh and T-Lk given in Definition 2.1. As mentioned in the 
Introduction, this covariant derivations can be defined using the parallel transports 
along curves in PTAf, which are determined by the curves in Uf{M) which are 
tangent to the horizontal distribution Hh and Hk, respectively (see also Rmk 3.8 
in [Sp]; note however that the discussion there concerns only curves 7 in ¥TM for 
which the vector ir'^iji)) G TM is nowhere vanishing). 

However, we will adopt here a different approach, which was considered by S. 
Kobayashi in [Ko] and it is equivalent to the previous one, since it is much more 
suitable for computations and further developments. 

Let us denote by f (PTM) the vector bundle f{¥TM) = {tt')-\TM) defined as 
the pull-back bundle w.r.t. the projection map tt'. We thus obtain the following 
commuting diagram 

f (PTM) *' > TM 



(3.1) 



^TM > M 



It is clear that there exists a unique complex structure on T{FTM) (let us call it 
J), which makes w : T{FTM) -^ PTM a holomorphic vector bundle. Moreover, as 
it was pointed out in [Ko] , the Finslcr metric F on (M, J) induces the following 
natural Hermitian metric on the vector bundle n : T{PTM) -^ PTM. 

Recall that the fiber 7r"^(v) C f(PTM) over an element v G FT^M coincides 
with the tangent space T^M. Let U G TxM be any non-zero vector which generates 
the 1-dimensional subspace v ~ [U] and let g„ be the bilinear form on T^M defined 
as 

g^iX, Y) = 2 Rc(hc/(Xi", r"i)) = i {huiX, Y) + hu{JX, JY)) (3.2) 

where hjj is as in (2.1). It is clear that right hand side of (3.2) is an Hermitian 
metric on T^M. Moreover from the invariance properties of complex Finsler metrics 
under C*-niultiplications, it follows that for any A G C* 

hxv{X, Y) + hxviJX, JY) ^ hv(X, Y) + hv{JX, JY) (3.3) 

(see e.g. [Sp] Lemma 2.4 b) and c), or [Ko]). This shows that the r.h.s. of (3.2) is 
indeed an Hermitian metric which depends only on the line v = [U] G PT^M . 

Let us now denote by A"{f{PTM)) the set of all local sections X : PTM -^ 
f(FTM). Notice that for any X G A"{f{¥TM)) there exists at least one local 
vector field X on Uf{M), such that 

7:,{Xu)=X{v) , 

for any v G PT^^M and any u G 7r^^(w) C Uf{M). If this is the case, we will say 
that X is TM-projectable (or, more often, just projectable) and we will call X the 
projection of X in A°{f{PTM)). 
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Similarly, for any local vector field X on PTM, there exists some local vector 
fields X on Uf{M), such that for any frame u E Uf{M), 

In this case we will say that X is FT M -projectable (or just projectable) and wc will 
call X the the projection of X in PTM. 

Now, the following technical lemma is required. 

Lemma 3.1. Let X and Y he a (local) vector field ofFTM and a (local) section 
in A'^{T{FTM)), respectively, and let X and y two projectable vector fields on 
Uf{M), such that X is the projection of X on FTM and Y is the projection ofy 

inA°(T{¥TM)). 

The functions on Uf{M) 

^'^■^(m) = u (xu{e{y)) + uju{x) ■ 9u{y)] (3.4) 

C^'^iu) ^ u (xu{e{y)) + vju{x) ■ eu{y)\ (3.5) 

assume constant values along the fibers tt^^(v) G Uf{M) and are independent on 
the choice of the projectable vector fields X and y . 

In particular, F'^'-^ and G"*'-^ define elements of A'^{T{PTM)), which depend 
linearly on the value X^, at any v G PTM. 

Proof. In order to prove that F'^'-^{u) is constant along tt~^{v), it suffices to check 
that Au (T"^'-^) = for any u G tt~^{v) and any vertical vector field A on Uf{M). 
Indeed, we may consider only vertical vector fields A which are fundamental vector 
fields, associated with elements A G u„_i ® R (for the Def. of fundamental vector 
fields, see e.g. [KN] vol.1). 
Notice that 

A(x{e{y))+u:{x)-e(y))^ 



- [A, x]{e{y)) + X {c^e{y)) + x [e{[A, j^])j + c^uj{x) ■ e{y)+ 

+u:{\A, X]) ■ 9{y) + u;{X) ■ {£^9{y)) + u;{X) ■ e{[A, y]) . (3.6) 

On the other hand 

MiAy]) = [n4^),7r4y)]^0 n.{[A,X]) = [vr^i), 7r,(A')] - . 

In particular, [A, y] and [A, X] are both vertical vector fields for the bundle it : 
Uf{M) -^ PTM and we can write that [AjA'Ju = B^, where B is a fundamental 
vector field associated with an element B G u„_i ® R. This implies that 

0{[A,y]) = , [A,x](9{y))u = -B ■ 0(y)u = -uj{[a,x]) ■ 9{y)u . 

Then (3.6) becomes equal to 

A{x{e{y)+u{x)-e{y)) = 
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= -io{[A, X]) ■ e{y)u - A ■ x{e{y)) - a ■ uj{x) ■ 0{y) + uj{x) ■ Ae{Y)+ 
+Lo{[A, X]) ■ e{y) - u{x) ■ A ■ e{y) = -A ■ [x{e{y)) + lo{x) ■ e{Y)] . (3.7) 

From (3.7) and the definition of F'*'-^, it foilows immediately that A^ (F'*^'-^) = 
for any u G t:^^{v). 

Now, consider other two projectable vector fields A"', y\ of which X and Y are 
the corresponding projections. Then, using the structure equations (2.5) - (2.8) we 
have 

F'''-y\u)-F'''y{u) = 

= {X' - x){e{y')) + Lo{x' - X) ■ e{y') + x{e{y' - y)) + lo{x) ■ e{y' -y)^ 

= (X' - x){e(y)) + u(x' - X) ■ 6{y) = 

= de{x' - X, y ) + uj{x' - X) ■ e{y') = 

= -w{x' - X) ■ 6{y) + -w{y) ■ e{x' -x) + q{x' - x, y )+ 

+s(A" - A-, y + uj{x' - X) ■ 6{y) 

At this point, we remark that vo{X' — X) ~ uj{X' — X): in fact #*(<%"' — X) = 
and this implies that the 1-forms loq and lli\ vanish on {X' — A"), by (5.32) in [Sp]. 
The same argument implies that Q{X' — X,Y) = S(A' — X,y) = Q and hence 

F'^''^'(u)-F^^^(u) = . 

This concludes the proof of both claims for the function F'*'-^. The proof of the 
corresponding claims for the function G '^ is based on very similar arguments. D 

By means of Lemma 3.1, the following objects are well defined. 

Definition 3.2. For any Y e A°if{VTM)), let VF and DY be the elements in 
A^{f{FTM)) defined by 



VxYU^u[xie{y)) + LUuix)-euiy)] , (3.8) 



Dj,Y\,^ulX{9{y))+w^iX)-0^{y)\ , (3.9) 

for any vector field X on FTM and any v G VTM; here u is any frame of 'k~^{v) C 
Uf{M) and X, y are two projectable vector fields of Uf{M), whose projections 
are X and 3^, respectively. 

V and D are connections on the holomorphic vector bundle T(PrM). For 
any section Y G A'^{T{¥TM)), we call W j^Y\v and Dj^Y\v the non-linear semi- 
Hermitian covariant derivative and the non-linear Kobayashi covariant derivative, 
respectively, along X at the point v. 

Remark 3.3. The set of local vector fields on M can be naturally identified with 
the element in A^{T{¥'TM)), which are sections that are constant along the fibers 

of tt' : PTM -^ M. 
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From this and the properties of the distribution Ti, it follows that whenever F 
is associated with an Hermitian metric and y is a vector field on M , then both 
non-linear covariant derivatives Vj^yjt, and Dj^Y\^ depend only on X = ■k'^{X) G 
TM and on a; = 7r!|,(f) G M, and they both coincide with usual linear Hermitian 
covariant derivative of Y along X. 

In the following Proposition, we give two useful characterizations of the con- 
nections V and D. In particular we show that D coincides with the Finslerian 
connection introduced by S. Kobayashi in [Ko]. 

Proposition 3.4. Let (M, J, F) be a complex Finsler manifold, V and D as in 
Definition 3.2 and g the Hermitian metric on T{PTM) defined in (3.2). 

Then for any local vector field X on PTM and any sections Y,Z E j^{T{¥TM)) 

V^jr|„ - JV^r|„ , D^JYU = JD^YU , (3.10) 

X{g{Y, Z))U + 5.(V^r|„, Z) + g,{Y, V^Z|„) = 

= ift;(x,yi",z"i) + ifc/(x,zi°,x"i) , (3.11) 

X{g{Y, Z% + g^{D<,Y\,, Z) + g,{Y, D<,Z\,) = . (3.12) 

where U is any non-trivial vector in the complex line v ~ [U] G FT^M, x = 7r'(w) 
and H is the trilinear function defined in (2.1). 

Furthermore, the connection D is holomorphic and it coincides with the Hermit- 
ian connection of the Hermitian bundle n : T(PTM) -^ VTM . 

Proof. The Hermitian metric g^ can be conveniently expressed using the compo- 
nents 6*" of the tautological 1-form of Uf{M). In fact, for given two local sections 
X,Y in A^{f{¥TM)), consider two projectable vector fields X and y on Uf{M), 
which project onto X and Y; then for any v G PTM, 

r7,(x,r) = ;^(r(A')r(y) + r(j^)r(A'))„ ^<9u{x),eu{y) > (3.13) 

a 

where u is any frame in 7r~^(w). 

Consider now three vector fields X, y and Z on Uf{M) which project onto X, 
Y and Z , respectively. Let also 3^-' be a vector field on Uf{M) which projects onto 
the local section JY G A^\f{¥TM)). Then 

v^ jy|, = uix{e{y^)) + lu{x) ■ 9{y')) = uiJoXe{y) + uj{x) ■ [Jo9{y)]) = 
= juix{e{y')) + u;{x) ■ e{y)) = jv^yi . 

In a similar way one can prove that D-^JY\y ~ JD-^Y\y. 
Now, for (3.11), one should observe that 

x{g{Y, z)\ = x{< 9u{y),eu{z) >) = 
=< x{eu{y)),9u{z) > + < eu{y),x9u{z) >= 
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= g,(v^r|„,z) + 5,(r,v^z|„)- 
- < oj^{x) ■ e^{y), 0u{z) >-< 9u{y),u;u{x) ■ e^iz) > 

On the other hand, 

< LUu{x) ■ e^iy), 9u{z) > + < 9u{y),LUu{x) ■ e^iz) >= 



= ^c^|(A')0'^(y)r(z) + c^f(A')0'3(y)r(z)- 



+Ljfj{x)e^{z)e"{x) + uj^{x)e^{z)e"{x) 

By (2.3), we get 

< LUuix) ■ duiy), 6u{z) > + < eu{y).LOu{x) ■ Ouiz) >- 

which proves (3.11). (3.12) can be proved in the same way, using the equations 
(2.4) in place of (2.3). 

To conclude, we have to show that for any Y <E A'^{T{PTM)) and any vector 
field X in FTM 

Dx+^jxY\ =iX + V^JX){Y) . 

One can verify that this condition is equivalent to show that for any vector field X 
in FTM there exist two projectable vector fields X, Xj on Uf{M) which project 
onto X and JX, respectively, and so that, for any X, fJ. = 1, . . . , n — 1, 

^^(A-) = ^O(A') = , tu^(A'j) - m"„{Xj) = . (3.14) 

From (2.4), it is clear that the distribution B defined by the conditions (3.14) 
consists of the set of vector spaces 

Vu^Hu®VuCTuUf{M) , 

where Ti. is the non- linear Hermitian connection of Uf{M) and 

K ='{ Xu : TT^Xu) = , Lu^^iXu) = -H-^^,LU^{Xu)} . 

By the results in [Sp], one can check that the distribution B is invariant under 
the action of C/„_i x T^ and, at all points, there exists a complex structure J„ : 
Vu -^ Vu which is Un-i x T^-invariant and projects onto the complex structure 
of T^(^u){^TM). In fact, B is spanned by the vector fields Re(eQ), lm(e/3), Re(e';^), 
Im(e' ), defined in §5.1 - 5.2 in [Sp]. Therefore, by Prop. 5.4 and Prop. 5.5 (1) in 
[Sp]), it follows that B and the (almost) complex structure on B defined by 

J„(Re(ea)) = Im(e^) , J„(Re(eA)) = Im(eA) , 

are both invariant under the action of C/„_i x T^. 

To conclude the proof, it is enough to take as vector fields X and Xj there unique 
vector field X on ,8, which projects onto X, and that the vector field Xj = JX , 
respectively. D 
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4. Torsion and curvature of the Kobayashi connection. 

We now want to define the torsion and the curvature of the Kobayashi connection 
of the vector bundle tt : T(PTM) -^ ¥TM and express them in terms of the Finsler 
torsions and curvatures of the non- linear Hermitian connection on Uf{M). This 
can be done by virtue of the following proposition. 

Proposition 4.1. Let X, Y be local vector fields on PTM and Z e A^>{f{¥TM)). 
Let also X,Y be the sections in A°{f(VTM)) defined by 

X(«) -<(!(«)) , Y{v)^ni{Y{v)) . 

For any v € ¥TM , consider the vectors in T^ii^\M defined by 

T^y{v) = Dj^YU - DyX\, - [X,Y] . (4.1) 

RxyZ{v) = D^{DyZ\i)\, - DY{D^Z\i% - D^^y^Z\, (4.2) 

Then if X , y and Z are three projectable vector fields on Uf{M), which project 
onto X, Y and Z, respectively, and if u : PTM — > Uf{M) is any local section of 
the bundle n : Uf{M) -^ PTM, then Tj^ y(w) and R^ yZ(w) verify 

T^y(«)-w,(e(A',y) + S(A',J^)) (4.3) 

Rx,yZ{v) = u,{n{A:,y) ■ e{z) + n{x,y) ■ e{z) + Hx,y) ■ 9{z)) . (4.4) 

In particular, T^ y('y) o^nd Rj^ yZ(u) depend only on the values X^, Yy and Z^. 
Proof. By definitions 

Uy\D^Y\y - DyX\y - <([l,f],)) = 

x{eu{y))U - y{eu{x))\u^ + uj^^ix) ■ OuAy) - ^uAy) ■ &uA'^) - 9i['V,y])u^ = 

= dOu^ {X, y) - vju^ {X) ■ Ou^ {y) - tu„„ {y) ■ e^^ {x) = 

= e„„(A',y) + s„„(A',y) , 

and this proves (4.3). Similarly 

U-\D^{DyZU)U - Dy{D^Z\y)U - D^J,y^Z\y) = 

^ [xim{y)) - yim{x)) - w{[x, y])] ■ b{z) + +m{y) ■ x{e{z)) - m{x) ■ y{e{z))+ 

+w{x) ■ y{e{z)) - w{y) ■ x{6{z)) + zd{x) ■ Tu{y) ■ e{z) - vj{y) ■ zu{x) ■ 9{z) = 

= dm{x, y) ■ e{x, z) + m{x) ■ w{y) ■ e{z) - w{y) ■ w{x) ■ e{z) . 

Now, using the structure equations (2.7) and (2.8), it follows that 

duj{x, y) ■ e{x, z) + vj{x) ■ Tu{y) ■ e{z) - Tu{y) ■ w{x) ■ e{z) = 
= [r!„„ (A-, y) + n„„ {x, y) + $„„ {x, y)]^ ■ e„„ (z) = r(x, yz, u,) , 

and this proves (4.4). D 

By means of Proposition 4.1, we may define the torsion and the curvature of the 
Kobayashi connection as follows (see also [KN] or [Kol]). 
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Definition 4.2. The torsion of Kobayashi connection on T{¥TM) is the element 
in A'^if{PTM)), defined by 

Tj^y{v)^Dj^Yl~DyX\,^[X,Y] (4.5) 

for any vector fields X, Y on ¥TM; here X and Y are the sections in A^{f{TTM)) 
defined by X{v) = <(!(«)), Y{v) = K{Y{v)). 

The curvature of the Kobayashi connection on T{¥TM) is the C-linear operator 

R : A"if{FTM)) — >A^if{FTM)) 

defined by 

Rx^Y^i^) = Dx{DyZ\i% - Dy{DxZU% - D^x,Y]Z\v (4.6) 

for any vector fields X, Y on ¥TM and any Z e A°{f{FTM)) 

Note that, by Proposition 4.2, the values T^- y(w) and R^ yZ{v) depends only 
on the values X\^^ Y\^ and Z\^. 



5. Equations of geodesies. 

We are going to write down the equations in terms of the Kobayashi connection. 
It will be a simple corollary of the results of [Sp] and of the previous discussion. 

Let 7 : [a, 6] ^ M be a regular curve in M and v^ the corresponding curve in 
PTM defined by 

v^ : [a, b] — > FTM , 

v^it) - [it] e PT^.M 

It is not difficult to realize that any tangent vector v-yit) depends linearly on the 
second derivative jt and non-linearly on the first derivative 7*. 

To simplify the notation, in the following we will assume that the three functions 
7, Vry and Vry are always evaluated at the same point t G [a,b]. 

We say that a complex Finsler manifold (M, J, F) is geodetically torsion free if 
for any v € fTM and any ^ X, [> G T^PTM, with 7r,(f7) = U so that C/ is a non 
trivial vector m. v = [t/], 

<7.,(T^j>,(7)-0. (5.1) 

Note that from (3.10), (4.3) and the definitions of Finsler torsions and S, a 
complex Finsler manifold is geodetically torsion free if and only if it is geodetically 
torsion free w.r.t. Def. 6.5 of [Sp]. 

The geodetically torsion free complex Finsler manifolds coincide with the man- 
ifold called weakly Kdhler by Abate and Patrizio in [AP]. This term is motivated 
by the fact that, whenever a Finsler metric is associated with an Hermitian metric, 
it is geodetically torsion free if and only if the corresponding Hermitian metric is 
torsion free and hence Kahler. 
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Theorem 5.1. Let [M, J, F) a complex Finsler manifold. Then j is a geodesic of 
M if and only if 

Di,^%_,+g,^{n^V-,,V^) = . (5.2) 

at any t G [a,b], where V^ is any vector in TPT^^M such that [tt^V^)] = v~^. In 
particular, if (M, J, F) is geodetically torsion free, then j is a geodesic if and only 

Di^M^^ = . (5.3) 

Proof. From [Sp] Th. 6.2, wc have that 7 is a geodesic if and only if for any lift 

j:[a,b]^UF{M) 

i(0O(^,)) + ^o°(7t)e°(7*)-O, (5.4) 

j,{9\jt)) + ^M)0\^t)^0, (5.5) 



<ilt) + no(^'ilt) = = ^li^t) + no(^"{lt) . (5.6) 

We recall that a curve 7 : [a, b] -^ Uf{M) is a lift of 7 if and only if tt o 7 = 7 and 
for any frame 7* = {/o(i), • ■ • , f2n-i{t)}, the vector /o(t) belongs to /o(i) G C*7t. 

From the definition, it follows that O^i'jt) = ^^(7t) = for any t and hence (5.4) 
- (5.6) are equivalent to 

JMlt)) + Mlt) ■ 0{lt) + e"(i, eo) = (5.7) 

and this imphes (5.7). 

Conversely, if (5.1) holds for any t, it follows immediately that (5.7) holds for 
any lift and hence 7 is a geodesic, by [Sp] Th. 6.2. D 



6. Jacobi fields. 

Let 7 : [a, 6] -^ M be a geodesic of (M, J, F) and let V : {-5, 6) x [a, b] —> M he 
a smooth map such that V{s, *) = 7^") : [a, 6] -^ M is a geodesic for any s e [—5, S] 
and with 7^°-' = 7. We call V a 1 -parameter family of geodesies centered at 7. We 
recall that a vector field / on 7([a, 6]) is called Jacobi field for 7 if and only if it is 
of the form 

d_ 

ds ' 



^7*= -(^(*'*)) 



s=0 



for some 1-paramcter family of geodesies centered at 7. 

The goal of this section is to determine the differential equations which character- 
ize the Jacobi fields, using the Kobayashi connection and its torsion and curvature. 

Let X be a vector field defined on the points of a curve 7 : [a, b] -^ M. We call 
standard lift of X along 7 the vector field L(^x,-y) along the curve Vj : [a, b] -^ PTM 
defined as follows. 

Extend X to a local vector field and let <i>^ : M -^ M the corresponding flow. 
Then let 

V:i-S,6)x[a,b]^M , T/(s, t) - <i>f (7,) 
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and let w^(s) (i) the l-parameter family of lifted curves 

where 7j ~ V{s, t). We set 

Theorem 6.1. Let I he a vector field defined on the points of a geodesic 7. Then 
I is a Jacobi vector field if and only if it verifies the following system of equations 
at all points of the geodesic: 

Dy^ (Dyjl^^) |„^ - i?i^L„_^)7 - Dy_^ (Ti^L(,,^)K)) k^ = . (6.1) 

Proof. Let V : (—S, S) x [a, 6] ^ M be a l-parameter family of geodesies centered 
at 7 so that 

d 

ds ' 



I-a^-iV{*,t)) 



s=0 

Let also V : (—6, 6) x [a, b] — > PTM be the associated map such that 

t>(s,t) = [«^(.,(t)] . 

Then we may consider the vector fields X = V^*(^) and Y = V^*(^) and the 
associated functions on (—6, 6) x [a, b] with values in TM defined by 

X{s,t)=.7ri{X{s,t)) , y = <(f(s,t)). 

Clearly, [X,Y] = as well as [X,Y] ^ 0. Moreover, 

Therefore 

i^^ [DyXU;] \y,+D^ {T^y{v,)) 1,^ = 

Dy {D^X\y^) 1,^ + i?;f^XK) + D., (T^yK)) k, (6.2) 

and this gives the claim since D^X|„ = i'i^T'li; (g, = for any s. 

The converse is proved using suitable modifications of the arguments used for 
the analogous result in Riemannian or Hermitian geometry (see e.g. the proof of 
Prop. VILLI in [KN] vol. II) . D 
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